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On a Kähler manifold we have natural uniform magnetic ﬁelds which are constant
multiples of the Kähler form. Trajectories, which are motions of electric charged particles,
under these magnetic ﬁelds can be considered as generalizations of geodesics. We give
an overview on a study of Kähler magnetic ﬁelds and show some similarities between
trajectories and geodesics on Kähler manifolds of negative curvature.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
When we study Riemannian manifolds it is one of basic ways to investigate properties of geodesics. The shape of a
Riemannian manifold has strong inﬂuence on properties of geodesics. Conversely properties of geodesics show some prop-
erties of base manifolds. Being inspired by this interaction we are interested in studying Riemannian manifolds with some
geometric structures from the viewpoint of curve-theory. It is natural to consider that geometric structures make a restric-
tion on shapes of manifolds. If we consider families of curves which are associated with geometric structures, it is likely
that there is an interaction between shapes of base manifolds and properties of curves in these families (cf. [7,11]). Since
we take geodesics to study Riemannian manifolds, it is natural that the family is supposed to contain geodesics. In this
note we restrict ourselves to Kähler manifolds and choose families of smooth curves on them which are parameterized by
their arclengths and whose velocities and accelerations span complex subspaces. We investigate Kähler manifolds from the
viewpoint of Riemannian geometry through a study on magnetic exponential maps deﬁned by these smooth curves.
2. Kähler magnetic ﬁelds
For a Kähler manifold M with complex structure J and Riemannian metric 〈,〉, we denote by B J its Kähler form. We
call a constant multiple Bκ = κB J (κ ∈ R) of this Kähler form a Kähler magnetic ﬁeld. Generally, a closed 2-form on a
Riemannian manifold is said to be a magnetic ﬁeld (see [14], for example). This is because we can consider closed 2-forms
as generalizations of uniform static magnetic ﬁelds on a Euclidean 3-space. A static magnetic ﬁeld on R3 is a vector ﬁeld
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T. Adachi / Differential Geometry and its Applications 29 (2011) S2–S8 S3B = (B1, B2, B3) : R3 → R3 satisfying Gauss formula div(B) = ∂B1∂x1 + ∂B2∂x2 +
∂B3
∂x3
= 0. Considering the orientation of R3, we
identify this vector ﬁeld with the 2-form B = B1 dx2 ∧ dx3 + B2 dx3 ∧ dx1 + B3 dx1 ∧ dx2. Under this identiﬁcation, Gauss
formula turns to closedness of this 2-form.
We say a smooth curve γ parameterized by its arclength to be a trajectory for a Kähler magnetic ﬁeld Bκ if it satisﬁes
the equation ∇γ˙ γ˙ = κ J γ˙ . If we go back to the case of static magnetic ﬁelds on R3, we see a static magnetic ﬁeld B =
(B1, B2, B3) gives the Lorentz force v × B = ΩB(v) on a unit charged particle when its velocity vector is v . Here the skew-
symmetric matrix ΩB is given by
ΩB =
⎛
⎝ 0 B3 −B2−B3 0 B1
B2 −B1 0
⎞
⎠
and satisﬁes B(v,w) = 〈v,ΩB(w)〉. Thus, the equation of motion for this charged particle is given as dv/dt = ΩB(v) if the
charged particle is of unit mass. In particular, as ddt ‖v‖2 = 2〈v,ΩB(v)〉 = 0, we see the electric charged particle has constant
speed. Therefore we may say that a trajectory for a Kähler magnetic ﬁeld shows a motion of charged particle with unit mass
which has unit speed under this magnetic ﬁeld. Clearly, trajectories for the trivial magnetic ﬁeld B0 are geodesics. We may
hence consider that trajectories for Kähler magnetic ﬁelds are natural objects associated with Kähler structures. If we say a
bit more, Kähler magnetic ﬁelds are typical examples of uniform magnetic ﬁelds. For a magnetic ﬁeld B on a Riemannian
manifold N we take the skew-symmetric operator ΩB on TN deﬁned by B(u, v) = 〈u,ΩB(v)〉 for arbitrary u, v ∈ T pN at
each point p ∈ N . We call B uniform if ΩB is parallel. This means that the Lorentz force given by B is uniform. We here
note that if a smooth curve σ satisﬁes the equation ∇σ ′σ ′ = k Jσ ′ with a function k, as J is skew-symmetric, we ﬁnd σ
has constant speed. We also note that if we consider a curve σ deﬁned by σ(s) = γ (λs) with some nonzero constant λ and
a trajectory γ for Bκ , it satisﬁes ∇σ ′σ ′ = κλ Jσ ′ . Thus when we study magnetic ﬁelds, we need to take care of speeds of
trajectories.
We here give some examples. For a smooth curve γ parameterized by its arclength, we call it closed if there is a nonzero
constant tc satisfying γ (t+tc) = γ (t) for all t . The minimal positive tc with this property is called its length. When a smooth
curve γ is not closed, we say it is open. On a complex space form, which is one of a complex projective space CPn(c) of
constant holomorphic sectional curvature c (> 0), a complex Euclidean space Cn and a complex hyperbolic space CHn(−c)
of constant holomorphic sectional curvature −c (< 0), the features of trajectories are as follows.
Example 1. On Cn , trajectories for a non-trivial Kähler magnetic ﬁeld Bκ (κ 
= 0) are circles of radius 1/|κ | in the sense of
Euclidean geometry. Hence they are closed of length 2π/|κ |.
Example 2. On CPn(c), every trajectory for a Kähler magnetic ﬁeld Bκ lies on some totally geodesic CP1 ∼= S2 and is a
small circle of this sphere. It is hence closed of length 2π/
√
κ2 + c.
Example 3. On CHn(−c), every trajectory for a Kähler magnetic ﬁeld Bκ also lies on some totally geodesic CH1 ∼= H2.
But the situation is different from the case of other complex space forms. Trajectories are classiﬁed into 3 classes. When
|κ | > √c, it is closed of length 2π/√κ2 − c, but when |κ |√c, it is open and is unbounded.
Since CHn is an example of Hadamard manifold, simply connected Riemannian manifolds of nonpositive curvature,
we can consider its ideal boundary ∂CHn [9]. With this boundary it is compactiﬁed. For a unbounded trajectory γ on
CHn(−c), we can consider its points at inﬁnity limt→−∞ γ (t), limt→∞ γ (t) ∈ ∂CHn . When |κ | < √c, they are distinct, and
when κ ± √c, they coincide. In the latter case, trajectories are so-called horocycles.
When |κ |  √c, trajectories also have the following property: For arbitrary distinct points p,q ∈ CHn(−c) there is a
Bκ -trajectory from p to q.
3. Magnetic ﬂows
Just like geodesics induce the geodesic ﬂow, trajectories for a Kähler magnetic ﬁeld Bκ on a Kähler manifold M induce
a dynamical system on the unit tangent bundle UM of M . For a unit tangent vector v ∈ UM, we denote by γv the trajectory
for Bκ satisfying γ˙v (0) = v . We deﬁne a ﬂow Bκϕt : UM → UM by Bκϕt(v) = γ˙v(t) and call it a Kähler magnetic ﬂow. Clearly,
the ﬂow B0ϕt = ϕt for trivial magnetic ﬁeld is the geodesic ﬂow. On a complex space form we can see the relationship
between geodesics and trajectories more clearly. We call two smooth ﬂows φt,ψt on a smooth manifold X are smoothly
conjugate in the strong sense if there exist a diffeomorphism f of X and a nonzero constant λ with f ◦ φt = ψλt ◦ f . For
complex space forms we can classify Kähler magnetic ﬂows by their strengths.
Proposition 1. (See [1].) For CPn(c), all Kähler magnetic ﬂows are rotation ﬂows and are smoothly conjugate in the strong sense each
other.
Proposition 2. For Cn, all Kähler magnetic ﬂows except the geodesic ﬂow are rotation ﬂows and are smoothly conjugate in the strong
sense each other. The geodesic ﬂow is not conjugate to other Kähler magnetic ﬂows.
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to their strength; |κ | < √c, κ = ±√c and |κ | > √c.
(1) When |κ | < √c, it is conjugate to the geodesic ﬂow ϕt .
(2) When |κ | > √c, it is a rotation ﬂow.
(3) When κ = ±√c, it is so-called a horocycle ﬂow.
When |κ | < √c, there exists a diffeomorphism fκ of UCHn which satisﬁes fκ ◦ Bκϕt = ϕ√1−(κ2/c)t ◦ fκ .
In view of these propositions, it seems Kähler magnetic ﬁelds work more sensitively on Kähler manifolds of negative
curvature (cf. [4]). It is well known that the geodesic ﬂow for a negatively curved manifold is hyperbolic. By the structure
stability theorem on hyperbolic ﬂows, we see that for a Kähler manifold of negative curvature a Kähler magnetic ﬂow
Bκϕt is hyperbolic if |κ | is suﬃciently small. Taking account of this we are interested in giving an estimate on |κ | whose
corresponding trajectories have similar properties as for geodesics on a Kähler manifold of negative curvature.
4. Operators corresponding to Kähler magnetic ﬁelds
It is known that geodesics on a Riemannian manifold are closely related with Laplace operator  (see [13], for example).
We here make mention of operators corresponding to trajectories. We deﬁne magnetic exponential maps by just the same
way as we deﬁned exponential maps. Given a point p ∈ M we deﬁne Bκ -magnetic exponential map Bκ expp : T pM → M of
the tangent space at p ∈ M by
Bκ expp(w) =
{
γw/‖w‖(‖w‖), if w 
= 0p,
p, if w = 0p .
Clearly, for a trivial magnetic ﬁeld B0, it is an exponential map expp : T pM → M .
For a positive r and a continuous function f on a Kähler manifold M we set
Mκ,r f (p) :=
∫
UpM
f
(
Bκ expp(rv)
)
dSp(v),
where dSp denotes the normalized canonical density of the unit tangent sphere UpM . We can extend this to an operator
Mκ,r : L2(M) → L2(M) on the space of square-integrable functions. We call this operator magnetic mean operator associated
with Bκ . This operator can be regard as a “generator” of magnetic random walks, which are chains of segments of trajec-
tories of length r (see [3] more detail). If we consider an expansion with respect to the radius r, we have the following
result.
Proposition 4. (See [3].) For a smooth function f ∈ C∞(M) on a Kähler manifold M of complex dimension n, we have
Mκ,r f = f − r
2
2!2n f +
r4
4! Q 4 f +
r5
5! Q 5 f + · · · +
rk
k! Qk f + o
(
rk+1
)
.
Here the third term is given as
Q 4 f = 1
4n(n + 1)
(
32 f − 〈∇ f ,∇ Scal〉 − 2〈∇2 f ,Ric〉)+ κ2
2n
 f ,
where Ric denotes the Ricci curvature tensor and Scal the scalar curvature.
Since we take the mean value, some properties on Kähler magnetic ﬁelds may vanish. But as the effect of Kähler mag-
netic ﬁelds does not appear in the dominant term, this result suggests us that there should be many similarities between
geodesics and trajectories.
For a magnetic ﬁeld B, if there is a 1-form A satisfying dA = B, it is called a global vector potential. When a global
vector potential A is given, for a positive r and a continuous function f we set
LA,r f (p) :=
∫
UpM
exp
(
−√−1
r∫
0
A
(
γ˙v(t)
)
dt
)
f
(
Bexpp(rv)
)
dSp(v).
This extends to an operator LA,r : L2(M) → L2(M). It is called magnetic spherical mean operator associated with A. For this
operator we have the following expansion.
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LA,r f = f − r
2
2!2n HA f +
r3
3! R3 f + · · · +
rk
k! Rk f + o
(
rk+1
)
,
where HA = (d −
√−1A)∗(d − √−1A) denotes the Schrödinger operator associated with A.
We should note that global vector potentials do not necessarily exist. Even in the case that global vector potentials exist,
as they are not necessarily unique, it is not easy to take the most natural one. In connection with global vector potentials,
we here make mention of the equation ∇γ˙ γ˙ = ΩB(γ˙ ) of trajectories for a magnetic ﬁeld B. When B on M has a global
vector potential A, if we deﬁne an energy of a smooth curve γ : [a,b] → M by
EA(γ ) =
b∫
a
{
1
2
‖γ˙ ‖2 + A(γ˙ )
}
dt,
then the equation of trajectories is the Euler–Laglange equation associated with this energy functional EA .
5. Magnetic Jacobi ﬁelds
In order to study Kähler magnetic ﬁelds on general Kähler manifolds, we ﬁrst study differentials of magnetic exponential
maps. To do this we have to consider variations of trajectories. Let γ be a Bκ -trajectory on a Kähler manifold M . We call a
smooth vector ﬁeld Y along γ a normal magnetic Jacobi ﬁeld for Bκ if it satisﬁes{∇γ˙ ∇γ˙ Y − κ J (∇γ˙ Y ) + R(Y , γ˙ )γ˙ = 0,
〈∇γ˙ Y , γ˙ 〉 = 0.
Magnetic Jacobi ﬁelds for Bκ correspond to variations of Bκ -trajectories. We should note that trajectories have unit speed.
If we drop the condition 〈∇γ˙ Y , γ˙ 〉 = 0, it means that we consider variations of “trajectories” of constant speed which is not
necessarily 1. In this case 〈∇γ˙ Y , γ˙ 〉 is constant along γ . If we denote Y as f γ˙ + g J γ˙ + Y⊥ with smooth functions f , g
and a vector ﬁelds Y⊥ satisfying 〈Y⊥, γ˙ 〉 = 〈Y⊥, J γ˙ 〉 ≡ 0, we ﬁnd that Y is a normal magnetic Jacobi ﬁeld if and only if the
following equalities hold:{
f ′ = κ g,(
g′′ + κ2g) J γ˙ + ∇γ˙ ∇γ˙ Y⊥ − κ J(∇γ˙ Y⊥)+ R(Y , γ˙ )γ˙ = 0.
Being different from usual Jacobi ﬁelds, for magnetic Jacobi ﬁelds there is an interaction between the component which
is tangent to trajectory and the component which is orthogonal to trajectory. We put Y  = g J γ˙ + Y⊥ . We call γ (t0) a
magnetic conjugate point of γ (0) along γ if there is a non-trivial normal magnetic Jacobi ﬁeld Y along γ with Y (0) = 0 and
Y (t0) = 0. In this case we call t0 a magnetic conjugate value of γ (0) along γ . On complex space forms, we can represent
magnetic Jacobi ﬁelds for Kähler manifolds explicitly.
Example 4. On Cn a normal magnetic Jacobi ﬁeld Y along a trajectory γ for Bκ (κ 
= 0) satisfying Y (0) = 0 is of the form
Y (t) = a{(1− cosκt)γ˙ (t) + (sinκt) J γ˙ (t)}+ (1− e√−1κt)A
with a constant a ∈ R and a parallel vector ﬁeld A satisfying A(0) ⊥ γ˙ (0), J γ˙ (0). Thus, the ﬁrst Bκ -magnetic conjugate
value is π/|κ |.
Example 5. On CHn(−c) a normal magnetic Jacobi ﬁeld Y along a Bκ -trajectory γ satisfying Y (0) = 0 is of the following
form
Y (t) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
a{κ(cosh√c − κ2t − 1)γ˙ (t)+ √c − κ2(sinh√c − κ2t) J γ˙ (t)} + e
√−1κt/2 sinh 12
√
c − κ2t A
(κ2 < c),
a{(ct2/2)γ˙ (t)+ κt J γ˙ (t)} + te
√−1κt/2A
(κ = ±√c),
a{κ(1− cos√κ2 − c t)γ˙ (t)+ √κ2 − c(sin√κ2 − c t) J γ˙ (t)} + e
√−1κt/2 sin 12
√
κ2 − c t A
(κ2 > c),
with a constant a ∈ R and a parallel vector ﬁeld A satisfying A(0) ⊥ γ˙ (0), J γ˙ (0). In particular, when |κ |√c there are no
Bκ -magnetic conjugate points.
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those on complex hyperbolic space. We here prepare a result corresponding to Rauch’s comparison theorem.
Theorem 1. (Cf. [2,5].) Let M be a Kähler manifold whose sectional curvatures satisfy RiemM  −c < 0 and γ be a Bκ -trajectory
on M. If Y is a normal magnetic Jacobi ﬁeld along γ with Y (0) = 0, then the function t → ‖Y (t)‖/sκ (t; c) is monotone increasing
and Y  satisﬁes ‖Y (t)‖ ‖∇γ˙ Y (0)‖sκ (t; c). Here
sκ (t; c) =
⎧⎨
⎩
(1/
√
c − κ2 ) sinh√c − κ2 t, κ2 < c,
t, κ = ±√c,
(1/
√
κ2 − c ) sin√κ2 − c t, κ2 > c,
and t <π/
√
κ2 − c when κ2 > c. In particular, if |κ |√c there are no Bκ -conjugate points.
Corollary 1.When M is a Kähler manifold whose sectional curvatures satisfy RiemM −c < 0, every Bκ -magnetic exponential map
does not have singular points if |κ |√c.
When sectional curvatures of a Kähler manifold M are bounded from below, we can estimate norms of magnetic Jacobi
ﬁelds from above.
Theorem 2. (Cf. [2,5].) Let M be a Kähler manifold whose sectional curvatures satisfy RiemM  −c with c > 0 and γ be a Bκ -
trajectory on M. If Y is a magnetic Jacobi ﬁeld along γ with Y (0) = 0 and there are no magnetic conjugate points on γ ((0, T ]) of
γ (0), then it satisﬁes ‖Y (t)‖ ‖∇γ˙ Y (0)‖sκ/2(t; c) for 0< t  T .
These estimates on magnetic Jacobi ﬁelds lead us to the following result on hyperbolicity of magnetic ﬂows due to
N. Gouda [10].
Theorem 3. (Cf. [10].) If sectional curvatures of a Kähler manifold M satisfy −c1  RiemM −c2 < 0 and κ satisﬁes κ2 < c2 , then
the Bκ -magnetic ﬂow is hyperbolic.
6. Trajectory-spheres in a complex hyperbolic space
When we study Riemannian geometry, Hopf–Rinow’s theorem which shows the equivalence of completeness and
geodesical completeness is one of basic results (see [8], for example). As a corollary of this theorem we have an impor-
tant property of geodesics: For arbitrary distinct points p, q on a connected complete Riemannian manifold M there is
a minimizing geodesic joining them. We consider this property for trajectories for Kähler magnetic ﬁelds. On a complete
Kähler manifold, we can conclude that every trajectory γ for an arbitrary Kähler magnetic ﬁeld is deﬁned on −∞ < t < ∞
(see [12]). But, if we recall the behavior of trajectories on Cn , it is clear that arbitrary two points are not necessarily joined
by some trajectory. We would like to consider global properties of trajectories.
For a positive r we call the set Bκ Sp(r) = {Bκ expp(rv) | v ∈ UpM} a trajectory-sphere of radius r centered at p ∈ M .
Trivially, when κ = 0, it is a geodesic sphere Sp(r). We are interested in the difference between geodesic spheres and
trajectory-spheres. Geodesics emanating from the center of a geodesic sphere cross this geodesic sphere orthogonally. We
are hence interested in how trajectories cross trajectory-spheres. On a complex space form of nonpositive holomorphic
sectional curvature we have the following.
Example 6. On a complex Euclidean space Cn , we have Bκ Sp(r) = Sp(κ (r;0)) with κ (r;0) = (2/|κ |) sin(|κ |r/2) for 0 r 
π/|κ |. Every trajectory for Bκ emanating from p and the outward unit normal of Bκ Sp(r) make the angle θκ (r;0) = |κ |r/2.
Example 7. On a complex hyperbolic space CHn(−c) of constant holomorphic sectional curvature −c, we have Bκ Sp(r) =
Sp(κ (r; c)), where κ (r; c) satisﬁes the following relation⎧⎪⎪⎨
⎪⎪⎩
√
c − κ2 sinh 12
√
cκ(r; c) = √c sinh 12
√
c − κ2 r, if |κ | < √c,
2 sinh 12
√
cκ(r; c) = √cr, if κ = ±√c,√
κ2 − c sinh 12
√
cκ(r; c) = √c sin 12
√
κ2 − c r, if |κ | > √c.
Here, in the case |κ | > √c we only consider r with 0 r  π/√κ2 − c. Every trajectory for Bκ emanating from p and the
outward unit normal of Bκ Sp(r) make the angle cos−1 δκ (r; c), where
δκ (r; c) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
√
c − κ2 cosh 12
√
c − κ2 r/
√
c cosh2 12
√
c − κ2 r − κ2, if |κ | < √c,
2/
√
cr2 + 4, if κ = ±√c,
√
κ2 − c cos 12
√
κ2 − c r/
√
κ2 − c cos2 12
√
κ2 − c r, if |κ | > √c.
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When |κ |√c, we see limr→∞ κ(r; c) = ∞ and limr→∞ δκ (r; c) =
√
c − κ2.
In order to study trajectory-spheres on an arbitrary Kähler manifold we prepare a comparison theorem. For the sake
of simplicity we here consider only on a connected Kähler Hadamard manifold M , which is a simply connected complete
Kähler manifold of nonpositive curvature. For a trajectory γ for Bκ we deﬁne a variation αγ of geodesics as follows:
(i) αγ (t,0) = γ (0),
(ii) when γ (t) 
= γ (0), the curve s → αγ (t, s) is the geodesic of unit speed joining γ (0) and γ (t),
(iii) when γ (t) = γ (0), the curve s → αγ (t, s) is the geodesic of initial vector γ˙ (0).
We shall call this variation the trajectory-harp associated with γ . We denote by γ (t) the distance d(γ (0), γ (t)) between
γ (0) and γ (t) and call it string-length at t . We deﬁne string-cosine δγ (t) at t by δγ (t) = 〈γ˙ (t), ∂α∂s (t, γ (t))〉. Clearly we
have γ (t) = κ (t; c) and δγ (t) = δκ (t; c) for a Bκ -trajectory γ on CHn(−c) or on Cn . On an arbitrary Kähler Hadamard
manifold M these functions for a Bκ -trajectory γ satisfy
(1) ′γ (t) = δγ (t),
(2) γ (0) = 0, δγ (0) = 1, limt↓0 δ′γ (t) = 0, limt↓0 δ′′γ (t) = −κ2/4.
We denote by  → τκ (; c) the inverse function of r → κ(r; c). By use of the Rauch’s comparison theorem on Jacobi ﬁelds
we can conclude the following:
Theorem 4. (See [6].) Let M be a Kähler Hadamard manifold whose sectional curvatures satisfy RiemM −c < 0. When κ satisﬁes
|κ |√c, for a Bκ -trajectory γ on M we have the following.
(1) Its string-cosine satisﬁes δγ (t) δκ (τκ (γ (t); c)) >
√
1− (κ2/c) for all t  0.
(2) Its string-length γ (t) is monotone increasing and satisﬁes γ (t) κ(t; c) for all t  0. In particular, it satisﬁes limt→∞ γ (t) =
∞, hence both of the sets γ ([0,∞)) and γ ((−∞,0]) are unbounded.
7. A theorem of Hadamard–Cartan type
For exponential maps on a complete manifold of nonpositive curvature, we have the Hadamard–Cartan’s theorem: Every
exponential map is a covering map. We shall consider corresponding results for Kähler magnetic ﬁelds. We take a Kähler
Hadamard manifold M with RiemM  −c < 0. By Theorem 1 we see the image of a magnetic exponential map for Bκ
with |κ | √c is an open set. On the other hand, Theorem 4 guarantees that this image is a closed set. We hence obtain
surjectivity of each magnetic exponential map and get the following.
Theorem 5. Let M be a connected complete Kähler manifold whose sectional curvatures satisfy RiemM −c < 0. If |κ |√c, every
Bκ -magnetic exponential map is a covering map. In particular, when M is simply connected, every Bκ -magnetic exponential map is
bijective.
Theorem 6. Let M be a connected complete Kähler manifold whose sectional curvatures satisfy RiemM −c < 0. If |κ |√c, for ar-
bitrary distinct points p,q ∈ M, there is a minimizing Bκ -trajectory which goes from p to q. In particular, when M is simply connected,
Bκ -trajectory of p to q is unique.
We should note that a minimizing Bκ -trajectory of p to q does not coincide with that of q to p in general. As we
mentioned in Section 2, the image of a Bκ -trajectory of q to p coincides with the image of a B−κ -trajectory of p to q.
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